The aim of this short note is to summarize some recent results concerning energy conservation for the Navier-Stokes equations. The results have been presented by the second author at the workshop SMACS 2018 held in Gargnano, June 18-22, 2018.
Introduction
We consider the Navier-Stokes equations in a bounded domain Ω ⊂ R 3 with smooth boundary ∂Ω and with zero external force in Ω.
For the variational formulation, we introduce V the space of smooth divergence free vectors with compact support in Ω. We then denote the completion of V in L 2 (Ω) by H and its completion in H 1 (Ω) by V . The Hilbert space H is endowed with the natural L 2 -norm | . | and inner product (·, ·) and V with norm v := |∇v| and inner product ((u, v)) := (∇u, ∇v). The dual pairing between V and V ′ is denoted by ·, · , the dual norm by . * . It is well-known since the works of Leray and Hopf [9, 8] that for initial data in H, and for all T > 0 there exists at least a weak solution such that u ∈ L ∞ (0, T ; H) ∩ L 2 (0, T ; V ), which is a solution in the sense of distributions and such that the initial datum is attained in the following sense
An outstanding open problem is that of proving (or disproving) the uniqueness and regularity of weak solutions. Among the classical questions in mathematical fluid mechanics there is also that concerning the possible validity of the energy equality
which follows formally taking u itself as test function. This is not allowed since a weak solution u is not smooth enough to be employed as test function and the energy inequality (1.2) comes from an approximation argument. The pioneering results by Prodi [13] and Lions [11] concern the validity of the energy equality for a weak solution such that
With minor changes Shinbrot [15] enlarged the range of exponents proving that if a weak solution to the Navier Stokes equations belongs to
then it satisfies the energy equality. We also wish to mention, in order to explain the comparison we will make later on, the notion of scaling invariance. By interpolation one can show that Leray-Hopf weak solution have scaling invariant regularity
Several results starting again from the work of Ladyzhenskaya, Prodi, and Serrin concern results of uniqueness and regularity which can be obtained by scaling invariant solutions.
In particular, if a weak solution satisfies (see [14] for example)
then it becomes unique, strong (namely the gradient belongs to L ∞ (0, T ; L 2 (Ω))), it satisfies the energy equality and it becomes smooth for positive times, if the data are smooth.
We will use these notions to compare classical and recent results with the new one we will present. For a concise introduction to the problem, see Galdi [7] .
We want to recall that if u ∈ L 4 (0, T ; L 4 (Ω)) then in terms of scaling it is in between the class of existence and that of regularity (in terms of scaling) since
and also the class identified by Shinbrot shares the same, even if
hence as q increases this class becomes closer and closer to that of regularity. A natural question then is if we can lower down the level of regularity needed for a weak solution in order to satisfy the energy equality.
The new results we present are related with the aim of finding sufficient conditions for the energy equality involving the gradient of the velocity. This will give some improvement of several recent results we will compare ours with in the next section. The main result of this paper is the following.
Theorem 1 Let u 0 ∈ H and let u be a Leray-Hopf weak solution of (1.1) in a smooth bounded domain Ω. Let us assume that ∇u ∈ L p (0, T ; L q (Ω)) for the following ranges of the exponents p, q:
(ii)
Then u satifies the energy equality (1.3).
Here we will just announce, comment the results, and present a sketch of the main steps of the proof of Theorem 1. Full details will appear in a forthcoming paper.
Comparison with recent results
Beside the classical results of Prodi, Lions, and Shinbrot, more recently the problem of the validity of the energy equality has been addressed in some papers. In particular, Cheskidov, Friedlander, and Shvydkoy [4] proved the sufficient condition
and Farwig [6] proved the condition
Both conditions are -in terms of scaling-equivalent to . Recall also that recently Maremonti [12] weakened the Prodi-Lions condition by showing that L 4 (ǫ, T ; L 4 (Ω)) for all ǫ > 0 is enough for the energy equality.
The novel idea of the present paper relies on working with levels of regularity for the gradient of the velocity instead of the velocity itself and then arguing by embedding results.
Before commenting our main result, let us remark that since we are in the three dimensional space, standard Sobolev embeddings imply that if ∇u ∈ L
. At the level of gradients, scaling invariance tells that, if u is a weak solution in the Leray-Hopf class and moreover ∇u ∈ L p (0, T ; L q (Ω)) with q > 3/2 and
then the u is smooth, hence satisfies the energy equality (see Beirão da Veiga [1] and one of the authors [2] ) while for weak solutions ∇u is (x, t)-square-integrable and . We address the problem of finding a range of exponents p, q which improves scaling invariance given by (1.6) and for which the regularity ∇u ∈ L p (0, T ; L q (Ω)) guarantees the validity of the energy equality. < q < 6 our conditions imply range of exponents which are not those of scaling invariance (1.6).
Remark 1.2
In cases (i) and (ii), i.e. when 3 2 < q < 3, the standard Sobolev embedding tells us that u ∈ L p (0, T ; L q * (Ω)) where q * = 3q 3−q and p is given as a function of q by Theorem 1. This means that by case (i) and case (ii) the exponent of integrability in the space variable for the solution u can range from 3 to +∞ (3 < q * < +∞). > 1 for any 9 5 ≤ q < 3;
thus showing that our range of exponents improves Shinbrot's one (1.4). We recall that Shinbrot's condition for the space integrability of u (≥ 4) corresponds to q > 12 7 in our classification.
Remark 1.4
The "best exponent," where best is measured in terms of having 2 p + 2 q as large as possible is q = 9/5. This shows that by embedding q * = 9/2 which gives
, that is at the same level of scaling of [4, 6] .
We further remark that in the range q > 12 7 our result improves also the ranges obtained by Leslie and Shvydkoy in [10] . Indeed, they prove (see Theorem 1.1 therein) the validity of the energy equality for u ∈ L p (0, T ; L r (Ω)) with 3 ≤ p ≤ r and
while, for q > 12 7 we are assuming ∇u ∈
However, authors in [10] studied also the case r < 3 corresponding in our case to q < 3/2 which is not covered by our ranges. Moreover, for the case 3 ≤ r < p, they can prove the energy equality with exponents p and r satisfying : this matches our interval 3/2 ≤ q < 12/7, where
, thus showing that we are not improving [10] in this particular range of exponents
Energy conservation and Onsager conjecture
The validity of (1.3) has also connections with Onsager conjecture about velocity being in the space of Hölder continuous functions C 1/3 . In terms of Hölder-Besov spaces we recall that Cheskidov-Constantin-Friedlander-Shvydkoy [3] 
where L β w denotes the weak (Marcinkiewicz) space. In the range q > 3 the results from Theorem 1 show by embedding the condition
In particular, by taking q = 9/2 we obtain, as class of solutions conserving the energy, that with scaling similar to u ∈ L We also warn the reader that our results are obtained by embedding, hence they are valid for a proper subset of C 1/3 , nevertheless in terms of scaling they present a better behavior as the previous one present in literature.
Sketch of the Proof
Before proceeding with the outline of the main steps in the proof of Theorem 1, let us recall that we mainly need to show that the conditions in Theorem 1 are needed to show T 0 (u · ∇u, u) dt = 0. The calculations leading to (1.3) can be justified by approximating u by (u) ǫ = k ǫ * t u (standard mollification with respect to the time variable, by an even kernel k) and for ǫ > 0. Following Galdi [7] one has mainly to show the following properties
We first recall the following property of weak solutions Lemma 2.1 Let u 0 ∈ H and let u be a Leray-Hopf weak solution of (1.1). Then u can be redefined on a set of zero Lebesgue measure in such a way that u(t) ∈ L 2 (Ω) for all t ∈ [0, T ) and satifies the identity
and all s ≥ 0. Proof. [Proof of Theorem 1] The proof follows standard arguments but relies on different bounds for the nonlinear term. Let us assume T < +∞. Let us fix t 0 with 0 < t 0 ≤ T . Then we define the mollification operator (·) ε by
where k ε is a C ∞ , real-valued, nonnegative even function, supported in [−ε, ε] with
. We choose in (2.1) s = t 0 and φ = (u m ) ε to get
Our goal is to study the limit for k → ∞ in the previous equality. In passing to the limit, the term which requires more care is the nonlinear one. So we consider
and we want to show that it converges to 0. We will do it as follows: we write (2.3)
and show that the first two terms from the right-hand side converge to zero while the last one is exactly zero. We start by proving that Thus, if we are able to show that
this would imply (2.4). So let us consider
and show the convergence of the two terms on the right hand side to zero in the three different cases.
(i) In case 3 2 < q < 9 5 we have ∇u ∈ L p (0, T ; L q (Ω)) with p = q 2q−3
. Let us note that in this range we have q * < 2q ′ < 6 where 1/q ′ + 1/q = 1. Hence we can interpolate and write q := 2q ′ as 1/ q = θ/q * + (1 − θ)/6 which gives us θ := (3 − 2q)/(3(q − 2)). Now, we can estimate, by Sobolev embeddings, the integral as follows
where we have applied Hölder inequality in the time variable with exponents x, y, z such that 2(1 − θ)x = 2, z = p, 2θy = p and 1/x + 1/y + 1/z = 1. For simplicity we denote by . p,q the space-time norm of L p (0, T ; L q (Ω)). This shows that (ii) 1 In case 9 5 ≤ q < 12 5 we have ∇u ∈ L p (0, T ; L q (Ω)) with p = 5q 5q−6
. Let us note that in this range we have 2 < 2q ′ < q * where 1/q ′ + 1/q = 1. Hence we can interpolate and write q := 2q ′ as 1/ q = θ/2 + (1 − θ)/q * which gives us θ := (5q − 9)/(5q − 6). Now, we can estimate, by Sobolev embeddings 
